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We derive a general framework that connects every positive map with a corresponding witness for
partial separability in multipartite quantum systems. We show that many previous approaches were
intimately connected to the witnesses derived from partial transposition and that such criteria can
easily be outperformed in higher dimensions by non-decomposable maps. As an exemplary case we
present a witness that is capable of detecting genuine multipartite entanglement in bound entangled
states.
Entanglement is a striking feature of quantum physics
that lies at the very heart of many of its numerous appli-
cations [1]. Characterizing entanglement is a challenging
task, whose complexity scales very unfavorably with the
size of the system [2–4]. In bipartite systems a major
breakthrough in entanglement detection came with the
advent of simple operational criteria for detecting entan-
glement in mixed states [5]. One of the first of its kind
was the famous Peres-Horodecki criterion, also known as
PPT (positivity under partial transposition) criterion. It
provides a method to tell with certainty, whether two
qubit systems are entangled and also provides a criterion
showing whether states can not be distilled from multiple
copies of such states into purer entanglement via local op-
erations and classical communication (LOCC) [6]. Soon
after it was realized that one can exploit the theory of
positive, yet not completely positive maps to obtain com-
plementary and in many cases much stronger entangle-
ment detection criteria [7]. In fact if a state that remains
positive after application of all possible positive maps to
one of its subsystems it is separable with respect to that
partition [5].
When it comes to multipartite systems the situation
becomes a little more involved. The possible structure
behind the infinitely many decompositions of multipar-
tite quantum states constitutes an even harder challenge
for the detection of entanglement. Famous instances ex-
emplifying the complexity of the task are states that are
entangled across every bipartite cut, yet no multipar-
tie entanglement is necessary to describe them [2] and
on the other end of the spectrum states there are sep-
arable with respect to every bipartite cut, yet they are
not completely separable [8]. Unfortunately the paradig-
matic tool for entanglement detection in bipartite sys-
tems, positive maps, is an inherently bipartite concept
and applied to multipartite systems it can never reveal
more than mere entanglement across bipartite cuts.
Thus entanglement witnesses are the most commonly
used tool to detect genuine multipartite entanglement
in noisy multipartite quantum systems [3] and many at-
tempts have been made to frame multipartite entangle-
ment detection in a general framework [9–12]. In the
bipartite case there is an intriguing connection between
positive maps and entanglement witnesses, as the lat-
ter can be derived from the former. In this letter we
introduce a general framework that allows to construct
witnesses for genuine multipartite entanglement directly
from positive maps. In fact we even show how any non-
partial decomposability can be revealed in such a way
and provide examples where our framework outperforms
the best known witness constructions.
To get started let us precisely define the underlying con-
cepts of separability, positive maps and entanglement
witnesses before we move on to our main theorem.
A state is considered to be partially separable with re-
spect to bi-partitions b ∈ B if and only if it can be written
as
ρB =
∑
b∈B
pb
(∑
i
qib(|φi〉〈φi|)b ⊗ (|φ′i〉〈φ′i|)b
)
. (1)
This definition carries the operational meaning of which
resources in terms of separability are required to create
this state via LOCC. A special case are states that are
bi-separable, i.e. B is the set of all possible bi-partitions
|B| = 2n−1−1. The complement of the set of bi-separable
states is usually referred to as genuinely multipartite en-
tangled states as their creation via LOCC requires pure
states that are not separable with respect to any parti-
tion. Due to the involved structure of the definition of
bi-separability (1) detecting genuine multipartite entan-
glement is a challenging task.
This is where entanglement witnesses prove useful. These
are self-adjoint operators that have a positive expecta-
tion value for all states ρB, while there is at least one
state in the complement for which the expectation value
is smaller than zero. The advantage of witnesses, while
their detection capability is limited to a small volume of
states, is of course the generically easy experimental ac-
cess (especially in systems so large that a tomography is
nearly impossible as e.g. in Refs. [13, 14]). If global mea-
surements are available a single measurement is sufficient
to reveal entanglement in a physical system and even for
more realistic local measurements generic witness only
require a small fraction of possible measurements [3]. Es-
pecially for revealing multipartite entanglement this is a
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2very desirable property as a full state tomography scales
very unfavorably in the number of systems involved.
Positive maps Λ (that are not completely positive) on the
other hand constitute a tool for entanglement detection
that require access to the full density matrix and also the
computation of eigenvalues of matrices that are exponen-
tially large in the number of systems. There is however
a straightforward connection that allows to construct en-
tanglement witnesses directly from positive maps, which
we will elucidate after some preliminary definitions.
For bipartite systems it is obvious that
Λb ⊗ 1b[ρb] =
∑
i
qiΛ[(|φi〉〈φi|)b]⊗ (|φ′i〉〈φ′i|)b) ≥ 0 ,
(2)
such that any negative eigenvalue after application of
the positive map to the subsystem immediately reveals
entanglement across this bipartition into the subsystem
and its complement. While this can never reveal partial
separability properties in the general sense of (1), posi-
tive maps, such as [15–21] have proven to provide strong
tools in the bipartite case [5]. There is a straightforward
framework for constructing bipartite entanglement wit-
nesses from positive maps: If the aim is to detect a given
entangled target state σ and there exists a positive map
Λ, such that Λ⊗1[σ] has at least one negative eigenvalue
with corresponding eigenvector |n〉, then
WΛ = Λ
∗ ⊗ 1[|n〉〈n|] , (3)
where Λ∗ is the dual of the positive map Λ, constitutes
an entanglement witness that will detect the state σ
to be entangled. Such a procedure is of course very
helpful in experimental entanglement verification if one
has a reasonable guess what the state of the system
under investigation should be. Then one can apply this
procedure and end up with an experimentally feasible
witness operator that should be able to reveal entan-
glement in the system. Unfortunately this procedure
only works for the bipartite case as the application of
a map on a system necessarily implies a bi-partition.
Now we continue with the main result of our paper,
where we present a framework that enables such a
construction also for partial separability and thus for
genuine multipartite entanglement. We start directly
with the main theorem:
Theorem: For any positive map Λ and set of parti-
tions of a multipartite state B, the following expression is
always positive for mixed states ρ, which can be decom-
posed into pure states that are separable with respect to
any of the partitions in B
Tr
[
ρ
(∑
b∈B
τb +Q
)]
≥ 0 (4)
where we have used the abbrevi-
ated notation Q = N + P , P =∑
η,η′ |η〉〈η′|max[0,minb∈B[<e[〈η|Λ∗b ⊗ 1b[|ψb〉〈ψb|]|η′〉]]],
N =
∑
η,η′ |η〉〈η′|min[0,maxb∈B[<e[〈η|Λ∗b ⊗
1b[|ψb〉〈ψb|]|η′〉]]] and τb = [Λ∗b ⊗ 1b[|ψb〉〈ψb|] − Q]+
(with [A]+ we denote the non-negative part of the spec-
trum of A, i.e. we project onto the eigenspace spanned
by eigenvectors belonging to positive eigenvalues).
Proof :
The first observation required is the fact that
Tr[ρ(Λ∗b ⊗ 1b[|ψb〉〈ψb|] ≥ 0 ∀ ρ ∈ Sb|b (5)
which is really just a restatement of the fact that Λ is a
positive map. Next we point out that
Tr[ρ[A]+] ≥ Tr[ρA] , (6)
and thus
Tr[ρ(τb +Q)] ≥ Tr[ρ(Λ∗b ⊗ 1b[|ψb〉〈ψb|] (7)
Now if we write down a state that is decomposable into
states ρb, separable with respect to bipartition in B as
ρB =
∑
b
pbρb (8)
we find that
Tr
[
ρ
(∑
b∈B
τb +Q
)]
=∑
b∈B
pbTr[ρb(τb +Q)] +
∑
{b′ 6=b}∈B
p′bTr[ρb′(τb)] ≥ 0 (9)
which completes the proof.
The idea behind the theorem is straightforward and ac-
tually is far more general than just referring to positive
maps: If one has a set of witnesses for detecting entan-
glement across different partitions that have some over-
lapping matrix elements collected in Q, one can separate
every witness Wb = Q + Mb and by making sure that
Mb is positive semi-definite (as we did in our theorem by
using only the positive part of the spectrum) it imme-
diately follows that WGME = Q +
∑
bMb is a witness
for genuine multipartite entanglement. The specific role
of positive maps in our theorem is actually just to open
the possibility for using non-decomposable witnesses in
this context and to maximize the ovelap (i.e. the norm
of Q) in a natural way. The difficulty for using generic
maps here is of course finding suitable ”‘witness states”’
|ψb〉 that maximize the overlap of negative elements for
different partitions, i.e. the operator norm of Q. Using
partial transpose as an exemplary criterion here we can
illustrate the method in the three qubit case:
Example 1
If we want to detect genuine multipartite entanglement
in a three qubit GHZ state |GHZ〉 = 1√
2
(|000〉+ |111〉)),
3through a witness derived from the PPT criterion, the
choice of |ψb〉 is quite straightforward. If we choose
|ψ1〉 = 1√
2
(|011〉 − |100〉)
|ψ2〉 = 1√
2
(|101〉 − |010〉)
|ψ3〉 = 1√
2
(|110〉 − |001〉) (10)
we end up with a witness operator
W =
1
2
1− |GHZ〉〈GHZ| , (11)
which is well known [3] and even necessary and sufficient
for detecting multipartite entanglement in GHZ-diagonal
states [22]. Indeed Refs.[9–11] introduce a framework
for multipartite entanglement detection, whose linearized
version is exactly corresponds to our main theorem here.
Using this framework one can always find the corre-
sponding |ψb〉 for detecting multipartite entanglement.
however as we show this framework (and the multipar-
tite entanglement witnesses derived from the PPT crite-
rion) can easily be outperformed by a simpler choice of
maps. For instance the Breuer-Hall map [15, 16], Choi’s
map [17] and its generalizations [19, 20], have the ad-
vantage that the negative off-diagonal elements in Λ∗b ⊗
1b[|ψb〉〈ψb|] generically correspond to the off diagonal el-
ements of |ψb〉. This facilitates the search immensely as
for the theorem to maximize detection strength we re-
quire the off diagonal elements of Λ∗b ⊗ 1b[|ψb〉〈ψb|] to
be as similar as possible. For such maps where this is
naturally the case it is sufficient for detecting a target
state |Ψt〉 to choose |ψb〉 = |Ψt〉 ∀ b (or if one is lucky one
and finds an eigenvector of |ψb〉 = |Ψt〉 ∀ b in all parti-
tions with a negative sign and high modulus, then this
is of course the obvious choice). We will now present an
example (similar in spirit to one example in Ref. [23])
where this advantage becomes immediately evident:
Example 2
Adopting the following short hand notation for GHZ like
states
|α, x, y, λb〉 =
∏
i∈α
σi ⊗ 1i(
√
λα|x〉⊗n +
√
λ−1α |y〉⊗n) ,
(12)
with σ = |x〉〈y|+|y〉〈x|. And the corresponding projector
we denote as Pα(x, y, λ), such that we can introduce the
operator
E({λα}) = 3|GHZ3〉〈GHZ3|+
∑
i=1,2,3
∑
x<y
∑
y=1,2
Pi(x, y, λ) ,
(13)
where |GHZ3〉 = 1√3 (|000〉+ |111〉+ |222〉) and with this
finally the density operator
ρ({λα}) = E({λα})
Tr(E({λα})) . (14)
It is immediately evident that this density matrix is in-
variant under partial transposition (since the off diagonal
elements of |GHZ3〉 after partial transposition in system
b are the same as |α, x, y, λb〉), so the PPT criterion is not
even able to reveal bipartite entanglement in this system.
However using Choi’s map for d = 3:
((aij)) 7→ 1
2
a11 + a33 −a12 −a13−a21 a22 + a11 −a23
−a31 −a32 a33 + a22
 , (15)
one can easily check that this state is indeed PPT en-
tangled (i.e. definitely bound entangled) across every
bipartition for values of 0 < λα < 1. An immediate
implication is the fact that if the state is multipartite
entangled it can not be detected by our theorem using
the PPT and also not from the techniques developed in
Refs. [9–11, 22]. Using the very simple and straightfor-
ward choice |ψ1〉 = |ψ2〉 = |ψ3〉 = |GHZ3〉, λα = λ ∀α
and again Choi’s map we can directly apply our method
to check partial separability properties. We find that the
witness is violated for all values of λ between 0 and 13
and thus this bound entangled state is indeed genuinely
multipartite entangled. Other examples were found for
symmetric states in Refs. [24–27]) and in Ref. [28] the au-
thors construct a different framework that allows for the
construction of PPT-GME states, however to our knowl-
edge that is the first explicit example in a 3⊗3⊗3 system.
The violation of this witness is even so significant that it
exhibits a notable noise robustness with respect to white
noise.
If we mix the state, e.g. for a choice of λ = 19 , with
the maximally mixed state, i.e.
ρnoise(p) = p
1
27
+ (1− p)ρ
(
1
9
)
, (16)
we find that the white noise resistance, i.e. the criti-
cal value of white noise admixture p, until which gen-
uine multipartite entanglement can still be detected is
pcrit =
9
179 ≈ 5%.
We have just shown that Choi’s map provided an advan-
tage for specific states, while in general different maps
cannot be considered superior in terms of their entangle-
ment detection strength (even with the optimal choice of
Q for a given class of states). To illustrate this point let
us consider the following two-parameter family of states
ρexample = p|GHZ3〉〈GHZ3|+ qρ
(
1
9
)
+
1− p− q
27
1 ,
(17)
and use our theorem to construct the witnesses in
the same fashion as in the first two examples. The
results are illustrated in Figure (1) and showcase the
detection power of the witnesses derived from our main
theorem and straightforward choices of |ψb〉 without any
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FIG. 1. Here we illustrate the detection power for state (17)
of two different maps. The regions are labeled according to
which criterion detects the state for these values of p and q
to be genuinely multipartite entangled (PPT refers to partial
transposition and Choi to Choi’s map).
optimization involved.
In conclusion we presented a framework that directly
connects positive maps with witnesses for partial sepa-
rability. The construction is simple, operational and ex-
perimentally friendly. We illustrated the power of the
criterion by presenting the first example of a 3 ⊗ 3 ⊗ 3
bound entangled that is at the same time genuinely mul-
tipartite entangled. We expect that this method should
find applications in all tasks that aim at characterizing
multipartite entanglement. In the future it will be of
interest to study the connection to semidefinite charac-
terizations of supersets of partially separable states (as
with the ”‘PPT mixers”’ from Refs. [29, 30]). One in-
triguing question that is left open is the general strength
of such criteria—while in the bipartite case it is obvious
that such a witness construction is capable of detecting
all entangled states, the case is not so clear in the mul-
tipartite case. Can we construct multipartite entangled
states that in principle cannot be detected by our frame-
work?
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